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1 Introduction 


Recently, there has been a great deal of theoretical interest in the stndy of massive Abelian 
and non-Abelian gange theories in fonr dimensions, in which gange invariance and mass 
of the gauge bosons co-exist in a particular fashion. Several such different massive gauge 
invariant theories are known in four spacetime dimensions [DSEliaElE]. One such model 
is the (3 -|- l)-dimensional topologically massive gauge theory where a 1-form gauge held is 
coupled to a 2-form antisymmetric gauge potential through a topological B A F term. The 
1-form gauge bosons acquire mass through this topological term. 

These theories have been studied from many different angles such as Hamiltonian and 
constraint analysis [HIH], BRST quantization |9l [101 [TTl [12] , geometric construction [131 [H] 
and the phenomenological point of view [I5]. The perturbative renormalizability of the 
dynamical 2-form non-Abelian theory is shown algebraically in [6] by using the Zinn-Justin 
equation in the context of BRST formalism where an additional compensating auxiliary 
vector held is introduced in order to bypass the well-known no-go theorem [T6] . 

On the other hand, massive gauge theories are also known in lower dimensions mi EH 
[T9] . One of these models is the (2 -|- l)-dimensional Jackiw-Pi model [19]. This model has 
been studied from many diherent point of views such as Hamiltonian and correct constraints 
analysis [20], the establishment of Slavnov-Taylor identities and BRST symmetries [21] . 
Furthermore, the Jackiw-Pi model is known to be ultraviolet hnite and renormalizable [21j . 
The oh-shell nilpotent and absolutely anticommuting (anti-)BRST transformations for this 
model, as well as the geometrical interpretation of these nilpotent symmetries have been 
discussed within the framework of Bonora-Tonin superheld formalism [221 [23] . 

Even though the four dimensional {B A F) model appears to be diherent from the 
three-dimensional Jackiw-Pi model at hrst glance, there are also some obvious similarities 
between them [23]. Both models are gauge invariant, and the gauge held acquires mass 
through a topological term without taking any help of Higgs mechanism. In addition, they 
respect two independent sets of gauge symmetries, the usual SU(N) gauge symmetry as well 
as a non-compact gauge symmetry. As a consequence, one can naturally ask a question. 
Can these two diherent models of mass generation of the gauge held, in diherent spacetime 
dimensions, be related to each other? In our present investigation, we pursue this question 
and establish a possible connection between these two diherent models with the help of 
dimensional reduction technique. 

Dimensional reduction is a standard procedure in Kaluza-Klein theories and supergrav- 
ity [2H [2S1 ESI EZ]- In our present endeavor, we use a diherent dimensional reduction 
procedure where the helds in higher dimensions are assumed to be independent of the 
extra dimension [28]. This technique has been applied to various models dehned in even 
as well as odd dimensions of spacetime (see, e.g. [281 E9]) and the reduced models show 
quite interesting and surprising features. For instance, Chern-Simon theory does not re¬ 
spect parity and time-reversal symmetries. However, it has been shown in [2S] that, using 
the dimensional reduction procedure, one obtains the bosonized Schwinger model [3CT1 ET] . 
which respects parity as well as time reversal symmetries provided the intrinsic parity and 
time reversal properties of the scalar held are chosen opposite to those of the vector held. 

The contents of our present paper are organized as follows. In Sec. [2] we briehy discuss 
the Jackiw-Pi model and associated local gauge symmetries. In Sec. E] we start with the 
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topologically massive Abelian theory in fonr dimensions and rednce it to three dimensions 
via a dimensional redaction procednre where we assnme that the all the helds are inde¬ 
pendent to the third spatial direction. Sec. |4] deals with the dimensional redaction of the 
non-Abelian version of the fonr dimensional model to three dimensions. 

Conventions and notation: We adopt conventions and notation snch that the fonr- 
dimensional Minkowski metric is = diag (-1-1,—1,-1,—1) and the three-dimensional 
metric is = diag (d-l, —1, —1). Components of four-dimensional objects will be denoted 
by Greek indices with a bar on top, ■ ■ ■ = 0,1, 2, 3 , whereas compoennts of three- 

dimensional objects will be denoted by Greek indices without a bar, fj,, n,r], ■■■ = 0,1,2 . The 
Levi-Givita tensors and are chosen such that = -1-1 = —£0123 = +£ 012 , 

etc. The SU{N) generators T“ (with a, b, c, ... = N'^ — 1) satisfy the commutation relation 
[r“, T^] = where the structure constants are chosen to be totally antisymmetric 

in the indices. In the SU{N) Lie algebra, the dot and cross products between two vectors 
P and Q are dehned as P ■ Q = P‘^Q°^, P x Q = 

2 Jackiw-Pi model 

We begin with the (2 -|- l)-dimensional non-Abelian Jackiw-Pi model [19]. The classical 
Lagrangian density incorporates the topological mass parameter m through a mixed Ghern- 
Simons term given by 

CpPt = -i ■ F"" - i + 9(F,„ X p)] . [0“- + slF'*" x p)] 
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( 1 ) 

where P^^ = P“j, T“ = + g (A^ x A^) is the usual 2-form field strength tensor 

corresponding to the 1-form gauge field A^ = A^^T°‘. The compensated curvature tensor 
for the other 1-form gauge held 0^ = T“ is dehned with the help of an auxiliary scalar 
held p = p°‘T°‘ as given by 

[Gpu + 9 {Ffiv ^ p)°‘]T'^ = Dp(f)^ — Dy(j)p, + g [Fpy X p), (2) 

where D^VL = d^Q + g {A^ x G) dehnes the covariant derivative for any generic held G = 
12“ r“ in the adjoint representation. The helds , 0^, and coupling constant g all have 
mass dimension equal to [M ]2 whereas the auxiliary held p carries mass dimension [M]“ 2 . 
The constant m has the dimension of mass, and the gauge held A^ acquires a mass m in this 
model without breaking the gauge symmetry. The vector helds A^ and may be chosen 
to have opposite parities which makes this model parity invariant [19], as opposed to the 
usual Ghern-Simons theory in which the term ^ ■ A„ breaks the parity symmetry 

mm- 

The Lagrangian density respects the two independent sets of gauge transformations. 
The hrst is the usual SU(N) gauge transformation, and the second is a non-compact. 
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Stiickelberg-type transformation [I9l |2l] 

5iA^ = D^K, 6i(t)^ = K), 5ip = g{px K), 


^2 — Dfj^Tj, S 2 p — —S, S 2 — 0, 


( 3 ) 


where A = A“ T" and S = S“ T“ are the SU{N) Lie algebra valned local gange parameters. 
It is straightforward to check that the Lagrangian density remains invariant nnder the 
SU{N) gange transformations while the other set of gange transformations changes the 
Lagrangian density by a total spacetime derivative, 


<^i ^{JP) — 0, 


^2 ^(JP) 




— F 
L 2 



(4) 


As a conseqnence, the action remains invariant nnder both symmetries for conhgnrations 
of fields which vanish snfficiently rapidly at inhnity. 

The Abelian version of the Jackiw-Pi model may be written in the form 


~ 1 1 TTI 

CijP) = (5) 

where F^y = d^Ay — dyA^ and G^y = d^4>y — dycj)^ are the Abelian field strength tensors 
for the fields A^ and 0^, respectively. One can check that this Lagrangian density respects 
the following local gange transformations: 


5iA^ = d^k, 0 ^ = 0 , 

= (52A^ = 0, (6) 

where A and S are now the local gange transformation parameters. 


3 Topologically massive Abelian theory 

In this section, we discnss the (3 + l)-dimensional topologically massive Abelian gange 
theory and rednce it to a (2 + l)-dimensional theory. The Lagrangian density of this 
theory, which contains an Abelian gange field and an Abelian 2-form held, is given by [1] 

^ 1 _ 1 _ rr) 

CiBP) = F,, B-,, F,„ (7) 

where Ff^y = dp,Ay — dpAp is the Abelian held strength tensor corresponding to the 1-form 
gange held Ap, the held strength for the antisymmetric gange potential Bpp is dehned as 
Hpyij = dpByp + dyBpp + dpBpy and m represents the topological mass parameter which 
has mass dimensions [M]. In fonr dimensions, all the helds carry the same mass dimension 
eqnal to [M]. 

The Lagrangian density of Eq. ([7]) respects two independent local gange symmetry 
transformations. 


hi Ap — dpA, hi Bpy — 0 

62 Bpy = dpEy - dyj:p, ^2 Ap = 0, (S) 
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where A and are the scalar and vector gange transformation parameters, respectively. 
Like the Jackiw-Pi model in three dimensions, this model generates mass for the gauge 
field in four dimensions, without spoiling the gauge symmetries. 

In order to reduce this model to three dimensions, we will assume that all the fields 
defined in four dimensions are independent of the third spatial coordinate x^. Then we 
split the fields in the following fashion [28l [29] , 

Ap, = (A^, A 3 ) = (A^, (p), 

Bpp = (5^^, 5 ^ 3 ) = (5^^, 0^), (^, z/,... = 0,1,2). (9) 

Setting the derivatives of all helds to zero, we obtain the following reduced effective 
Lagrangian density 

~ 1 1 771 1 

CiBF) = + 

771 1 771 

-37 ^ + - , ( 10 ) 

modulo a total derivative term, where we have dehned G^^^, = d^cpy — dycf)^. This Lagrangian 
density can further be simplihed by noting that the Hodge dual of the 3-form H^^ri in three 
dimensions is a scalar, / = ^ hf/n/r)- This allows us to write 

~ 1 1 m 11 

1 1 771 1 1 

^ -- F,, F^’^ - - G,, G^’^ + - F,, 0, + - (H) 

where in the last step we have used the equation of motion f = mip for the field /. An 
alternative way of seeing this is by completing a square in the path integral. The Lagrangian 
density of Eq. fllip coincides with that of the Abelian Jackiw-Pi model [IS], plus that of a 
real massive scalar (p, decoupled from each other. 

Furthermore, the gauge transformations of Eq. ([ 8 ]) can be written after dimensional 
reduction as 


JiA^ = df,A, 6iip = 0, 

0 , 0 , 

52Bf,u = - duEf,, = d^E, 

JaA^ = 0, 62 (f = 0, 


where we have defined S = S 3 . The dimensionally reduced action respects the above gauge 
symmetries, since one can explicitly check that 


SiF(bf) — 0 , S2C(^bf) — dfj_ 
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— E F, 


UT] 


( 12 ) 


Clearly, if we consider the four-dimensional theory in the axial gauge A 3 = 0 or equivalently 
(p = 0, we hnd the Abelian Jackiw-Pi model in three dimensions along with its associated 
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local gauge transformations. Thus, the dimensional reduction procedure establishes a con¬ 
nection between the two models. 

Before we wrap up this section, we note that if the gauge held is minimally coupled to 
fermions in four dimensions, we hnd a scalar with a Yukawa-type coupling in the reduced 
theory. However, if we select the axial gauge in four dimensions, ip vanishes in the three- 
dimensional theory, and we are left with only the Jackiw-Pi model. 

4 Topologically massive non-Abelian theory 

The non-Abelian generalization of the topological mass generation mechanism is not a 
straightforward task because of a no-go theorem [16] . However, one can avoid this theorem 
by introducing a compensating auxiliary held in a particular fashion. Thus, the non-Abelian 
generalization of Eq. (I7|) is given by the following Lagrangian density [6] 

1 _ 1 _ rn 

CiBF) = F-,, ■F~^^ + - (13) 

where F“ = Ffip = dfiAp — dpAfi + g {Afi x Ap) is the held strength tensor for the non- 
Abelian gauge held A'iT°‘, with F“ being the SU{N) generators, and g is a. dimensionless 
coupling constant. The totally antisymmetric compensated curvature tensor Hfipfj for the 
gauge held T“ is dehned as 

Hp,pfi D^p^Bpfjj g (F[pp X Fj^]) 

Fp^Bpfj -|- DpBfjp^ -|- DfjBp^p 

Fg (Fpp X Kfj) -|- g {Fpfj x Kp,) g {F^p x Fp), (14) 

where Kp is an auxiliary vector held. The Lagrangian density of Eq. flT3|) remains invariant 
under the usual SU(N) gauge transformations 

6 iAp = DpA, SiBpp = g{Bpp X A), Si Kp = g{Kp x A), (15) 

where A = A“F“ is the SU{N) valued Lorentz scalar gauge parameter. In addition to the 
above transformations, the action is also invariant under the vector gauge transformations, 

S 2 Ap = 0, 62 Bpp = DpT,p — Dp'Ep, 62 Kp = —(16) 

where = T^pT'^ is an SU{N) valued vector. 

In order to apply the procedure for the dimensional reduction as discussed in our pre¬ 
vious section, we split the non-Abelian helds as 

A“F“ = Ap = iA,,ip), 

BFT<^ ^ Bpp = {B,,,<i>,), 

K^^pT^ ^ Kp = {K,,p), (p,j.,--- = 0,1,2). (17) 
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We again assume that all the helds are independent of the third spatial dimension x^. Then 
from Eq. flT^ we get the reduced Lagrangian density 

1 1 777 

£ = - - f- [G„„ + X p)] ■ [G*-- + g{Ft“' x p)] + - £»■"> 

+ ^ ■ ff""’ + i ■ -DV - ^ e'""' P ■ + I mp'””' p . X F,) 

+ I [G,. + g(F,, X p)] . [(DlV X F-l) - (p X S'-)] 

- ^ [(Bpp X AV|) - (p X B^J] . [(fllV X A-1) - (p X B"-)], (18) 

where we have now defined T“ = G^u = — D^cj)^. It is clear from the above 

Lagrangian density that the scalar held ip remains coupled to the rest of the helds. This 
happens because of the non-Abelian nature of the theory. 

The SU{N) gauge transformations for the three-dimensional helds are 

6 iAi_, = Df,A, Slip = g{Lp X A), = g{B^v x A), = g{(t)^ x A), 

5iK^ = g{K^x A), 5ip = g{px A), (19) 

and the vector gauge transformations reduce to 

52 52 0^ = -5(((p X S^), 52K^ = -Y.^,, 

52P=—E, 52A^ = 0, ^2 = 0. (20) 

The reduced Lagrangian density of Eq. (fT8|) respects the above gauge transformations as 
one can explicitly check that under the two gauge transformations the Lagrangian density 
transforms by a total derivative, 

5i/: = 0, = (21) 

As a consequence, the action integral S = J (PxC remains invariant. 

Earlier when discussing the dimensional reduction of the Abelian theory in Sec. [HI we 
dehned the Hodge dual of the 3-form held strength H in terms of a scalar held and then 
integrated out the scalar held. But in the case of the non-Abelian theory, both and 
B^i, remain in the reduced Lagrangian in Eq. flT8|l . So in this case we cannot integrate 
out the scalar held. However, because this is a gauge theory, we can consider it in a 
particular gauge, namely the axial gauge Ag = 0 in the four-dimensional theory. In the 
reduced picture this corresponds to setting (p“ = 0 . As a result, all but the hrst four terms 
disappear from the dimensional reduced Lagrangian of Eq. flTH]l . The remaining terms of 
the three-dimensional Lagrangian are 

1 1 777 

£ = - j . B"- - - [G„„ + g(F^ X p)] • [G'”' + 9 (F'“' x p)] + - F„„ ■ 

+ ( 22 ) 

and we can see that the hrst three terms correspond to the Jackiw-Pi model. 
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The last term in Eq. fl2^ , which spoils the equivalence, does not contribute on shell, as 
we shall see now. First note that the equation of motion for as derived from Eq. fl2^ 
is = 0 . Defining 

r = ( 23 ) 

as the Hodge dual of can write this equation as 

{D,fY = 0, (24) 


which shows that / is a covariantly constant adjoint scalar. Given a chosen point Xq and 
a parametrized curve 7 (f) from xq to some point x, we can write a solution to this linear 
partial differential equation as the path ordered exponential 


/(x) = V 


exp 



dz^it) 

dt 




f{xo). 


(25) 


The value of / at x thus depends on the starting point xq, and more importantly, on the 
chosen path 7 connecting x with xq, for any non-flat gauge connection 
On the other hand, duality implies that we can write 


Tja _ ^ fa 


(26) 


which means H itself, as well as 


T i / ■ /, (27) 

are ill-defined for a generic as they are defined in terms of arbitrarily chosen curves 
connecting the point x with some arbitrarily chosen point xq. But H is already in the theory 
as a well-defined local object. Therefore the only allowed value of H, when it satisfies the 
equation of motion, is = 0 . 

Thus, topologically massive gauge theory, when dimensionally reduced from four to 
three dimensions, agrees with the Jackiw-Pi model for both Abelian and non-Abelian 
cases. It is not difficult to see that the symmetries of the four-dimensional model also 
reduce correctly to the symmetries of the lower dimensional model in both cases. Detailed 
calculation shows that the BRST extensions of the two sets of models are also correctly 
related on shell, i.e. the ghost sector of the four-dimensional model also reduces correctly 
to the ghost sector of the three-dimensional model. We leave the demonstration of that 
equivalence for elsewhere. 
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